A relative of the shift operator  by Razpet, Marko
A Relative of the Shift Operator 
Marko Razpet 
PedagosXa akademija 
University of Ljubljana 
Kardeljeva ploEad 16 
61000 Ljubljana, Yugoslavia 
Submitted by Chandler Davis 
ABSTRACT 
The spectrum of a unilateral shift has circular symmetry. Here an operator is 
studied which has elliptical symmetry. Let U be the unweighted shift on a separable 
Hilbert space 2, and let (Y be a nonzero complex number. The spectrum of the 
operator U, = ~((YU + cu- ‘U*) is studied, and its resolvent is given in interesting 
form. The operator U, is a generalization of the real part of the shift U: U, = i(U + 
U*). If Da denotes the diagonal operator with weights 1,cy,cy2,. . ., then formally 
U, = U,U, 0: ‘, but the spectrum of U, equals the spectrum of U, if and only if 
(r = 1. 
1. PRELIMINARIES 
We will denote, for any complex Banach algebra JZ’ with unit 1, the 
spectrum of a E & by a(a), the resolvent set C- a(a) by Q(a), and the 
resolvent (Al - a)-’ by RCA, a), which exists for all A ~e<a>. Such an 
algebra is the algebra of all bounded linear operators on a given Banach 
space 9?‘Y The unit here is the identity operator I. 
To the purpose of this paper we introduce for every positive number cy 
the set 
For (Y = 1 we obtain the line segment [ - l,l], and for (Y # 1 a closed 
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elliptical disk, whose boundary 3E, is an ellipse with foci at - 1 and + 1 and 
semiaxes 
a=i(a+a-‘) and b=il~~-a-‘l. 
The interior of E, will he denoted by int E,. Denote by D, the closed disk 
in the complex plane with center at 0 and radius cr: 
D, = {A E Cllhl< a}. 
We will use in the sequel the function cash restricted to arguments with 
nonnegative real parts. By an elementary proof using the elliptical coordi- 
nates we can see that the following lemma holds: 
LEMMA 1. For every complex number A which does not belong to the 
line segment [ - 1, l] there is exactly one complex number p such that 
A=coshp and (>O and -~<q<a, where .$=Rep and n=ImCc.. 
Moreover, 
dist(-I,A)=cosh~+cos~ and dist(l,A) =cosht-cosq. 
To prove the main theorem we need also the following lemma: 
LEMMA 2. For every positive number (Y and f~ every complex number 
A which does not belong to E,, fkr the root 5,, It2 I> 1, of the equation 
52-2Al+l=0 we have 
1[2/~1>1 and ld,l>l~ 
If 0 < (Y < 1, then fin- A in int E, we have 
lc2 /al > 1 and latzI< 1. 
Proof. 
(1) Suppose that (Y > 1, and let A not belong to E, of the complex plane. 
With the same notation as in the above lemma we have a complex number /_L 
such that A = cash p, where e > 0. The equation 
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has two roots: [i = l,(h) = epp, 5, = is(h) = ep. For a positive number &a 
we can write (Y = exp to, Th ere ore the semiaxes of the ellipse JE, are f 
a = cash to, b = sinh (a. Since A lies outside of this ellipse, we have 
dist(-l,h)+dist(l,A)=2cosht>2cosh[,, 
and so 5 > to. It follows that 
112 /aI = exp(5 - to> 1 and Icx~,I= exp(5 + 6,) > 1. 
(2) Let (Y < 1. We can write in this case (Y = exp(- ,$a), where to > 0. 
Since A lies outside of the ellipse, we have the relation cash 4 > cash (a. 
Similarly we prove the inequality for A in int E,. W 
THEOREM 1. Suppose that .& is a complex Banach algebra with unit 1, 
and suppose that fw a and b in & the equation ba = 1 holds. If the 
spectrums of a and b are both contained in D,, and (Y is any positive number, 
then the spectrum of the element c, = i<oa + o-lb) is contained in E, of the 
complex plane, and the resolvent R(A,c,) is given by 
where 12, 112 I > 1, is the root of the quadratic equation C2 - 2A5 + 1= 0. 
Proof. Let A not belong to E, of the complex plane. Lemma 1 gives a 
complex number p such that A = cash k, where Rep > 0. The equation 
has two roots: 5, = e-p’, l2 = ep’. The Vi&a rules say that 4’i + l2 = 2A and 
5,5, = 1. Since l2 gene, the elements R(12, a) and R(12, b) in & 
exist. We see that 
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We obtain by Lemma 2 the relations Ila / (~1 > 1 and I&, 1 > 1. Therefore 
(i,-$)R($.u)=-i’b. 
The rest of the proof we obtain by the straightforward calculation: 
Similarly we get 
Hence a(~,) & E,. n 
We will see that a(~,) can be the whole elliptical disk E,. Let J? be a 
nontrivial separable Hilbert space over the field C of complex numbers, and 
e,, e,, some fixed complete orthonormal basis in SF. 
A unilateral shiji operator U (shifi for short) maps each vector ek into its 
successor: 
ue,= ekfr? k =O,l,... . 
Extending U to the whole space X by 
UX= e tkekcl m for r= c ekek, 
k=O k=O 
we get a bounded linear operator defined on 2. 
It is easy to verify the relations 
U*ek = ek-1, k =1,2,..., 
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where U* denotes the adjoint of U. It is well known that U*U = I, UU* z I, 
l]U]] = IIU*ll = 1, and that the operator U is injective. It is shown by several 
authors that a(U) = a(U*) = Dr. S ee e.g. Halmos [3], or Shields [5]. 
We will consider now for every nonzero complex parameter a the 
operator 
For a = 1 we obtain U, = Re U. 
For any bounded linear operator T on a the symbols a,,(T), a,(T), a,.(T) 
denote the point, the continuous, and the residual spectrum respectively. The 
real part of U is the operator 
ReU=i(U+U*). 
The spectrum of Re U is the line segment [ - 1, l] of the complex plane C. 
The point spectrum a,(U) is empty (see e.g. Berberian [I], Putnam [4], 
Clancey [2]). 
THEOREM 2. Let a be a positive number. Then the spectrum of the 
operator U, is the elliptical disk E,, and for each h E C - E, the resolvent 
can be written in the form 
where [,, lfzl > 1, denotes the root of the equation l2 -2hl+ 1 = 0. More- 
over, a,(U,) = aE, and 
a,,(U,) = int E,, a,.(U,) = 0 for (Y < 1, 
ur(U,) = int E,, u,(U,) = 0 fm (Y > 1. 
Proof. It is clear that 
u,* =$(a-’ U+aU*) =U,, 
where p = l/a. Theorem 1 gives the inclusion: 
u( U,) c E,. 
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For the opposite relation we have three cases: 
(1) For cr=l we have a(V,)=a(ReU)=[-l,l]=E,. For every 
densely defined Hilbert space operator 2’ the relation a,(T) CL a,,(T*) holds. 
Since U = U* and or,(U) = 0 we have a,(U) = 0. Therefore a(U)= 
a,(U) = [ - 1,ll. 
(2) For 0 < (Y < 1 we will see that every A in int E, is an eigenvalue of 
the operator U,. Suppose that for r = Cr=axkek E SV 
u,x = Ax. 
This equation gives an infinite system of difference equations: 
xk+l -2aAx/( + ff2xk_l = 0, k=0,1,2 ,..., x-,=0. 
The equation has solutions of the form xk = pk. For p we get the equation 
p2 -2ahp + LX2 = 0 with the roots p, = all, p, = atz. The general solution 
of the above difference equation has the form 
xk = Cd + c2d if Pl+P2 
and 
xk = Clp; + c,kp; if p,=p,, 
where cr and c2 are complex constants. Note that 
Pl 
cl= -cz-. 
P2 
We require C~=,IX~~~ <m and x z 0. 
(a) If A = f 1, we obtain p, = p, 
~;&k12. 
= + a, lpjl < 1, and the convergent series 
(b) For real A, (Al < 1, we have p, # p,, Ip,l = lp21 = a < 1 with the conver- 
gent series ~~=OIxk12. 
(c) If A lies in int E, but not on the line segment [ - l,ll, then choosing 
1121 > 1, we have lpll = la/l,l < 1, lp21 = la52l < 1 because of Lemma 2. 
Hence the spectrum of U, is the disk E,; moreover, a,(U,) 2 int E,. For 
A E c?E, the operator AZ - U, is injective, since lpll = Ip,l = 1. Suppose that 
in this case the vector y E X is orthogonal to the range of AZ - U,. Then 
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(AZ - U,*>y = (hZ - Ua>y = 0, which implies y = 0. The range of AZ - U, is 
dense in 3. Therefore 6’E, c a,(U,). The opposite inclusion is clear. 
(3) For (Y > 1 we consider the operator 
where p = l/cu and 0 < p < 1. Since the conjugation preserves E,, we see 
that the spectrum of U, is the disk E, in this case, too. In the same way as 
before, we see that uC = aE,. For every A E int E, the operator AZ - U, is 
injective, but its range is not dense in 2. Indeed, the operator hZ - U,* = 
AZ - Us is not injective. n 
For (Y > 0 we consider the diagonal operator D, with weights 1, CX, (Y’, . . . 
defined by 
D,ek = ffkek) k =0,1,2 ,... . 
It is clear that 0;’ = DP for Z3 = ~/CL For (Y > 1 we have an unbounded 
operator D, and a bounded operator 0: ‘. An easy verification shows that, in 
the formal sense, 
U, = D&D,-? 
We have the inclusion 
where the equality holds if and only if (Y = 1. The operator U, for (Y # 1 is an 
example for a bounded operator which is formally obtained by a similarity 
transformation with an unbounded operator. Such a transformation does not 
have to preserve spectrum. n 
We consider now the operator U, for any complex parameter CL We will 
see that its spectrum is dependent only on 1~~1. 
THEOREM 3. For every nonzero complex number (Y the operators U, and 
U,u, are uniturily equivalent. 
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proof. Let cp be the argument of LY = Icule”‘P. We introduce the diagonal 
operator V with weights 1, ei‘+‘, ezilp,. . . . Then the adjoint V* is also diagonal 
operator with weights 1, ebiq, e-aia,. . . . It is easy to verify that 
V*(lalU+ lal-‘U*)Vek = ((YU+ cu-‘U*)ek for k=0,1,2 ,.... 
Hence V* U,,,V = U, for the unitary operator V. 
It is clear that the resolvent of U, is given by 
R(h,U,) =v*R(A,U,,,)V. 
1 wish to express my sincere thanks to Professor Matjaz’ Omladic’ for 
helpful and stimulating discussion. 
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